In this paper we give a detailed analysis of the interaction between homological self-correspondences of the general fibre Y/k(t) of the Lefschetz fibration ρ :X → P 1 of a Lefschetz pencil on a smooth projective variety X/k, and the Leray filtration of ρ. We derive the result that, if the standard conjecture B(Y) holds, then the operator Λ X − p n+1 X is algebraic, where p n+1 X is defined as the inverse of L on LP n−1 (X) and 0 on L k P j (X) for (1, n − 1) = (k, j ); in the course of our proof we see that, under the above assumption, the Künneth projectors π i X for i = n − 1, n, n + 1 are algebraic.
Introduction
Let k be an arbitrary field. All varieties involved are assumed to be smooth and projective, unless otherwise stated. The notations on correspondences that we adopt are those of Kleiman [16, 1.3] , Jannsen [13] , Scholl [19] . We fix a prime = char k, and an algebraic closure k ⊂ k; we then fix an isomorphism Z (1) ≈ Z , and go on with the 'heresy' [9] except when keeping track of Tate twists is useful for the reader. We denote the étale cohomology groups H i (X × k k, Q ) by H i (X).
Let X be a smooth projective variety of dimension n over k. Following Kleiman [16] , we denote the trace (or orientation) map by : H * (X) → Q and the Poincaré duality pairing by , : H i (X) ⊗ H 2n−i (X) → Q . Fix now a very ample line bundle L, giving an immersion in P N . Let Y be a smooth hyperplane section; we write ξ X := [Y ] ∈ H 2 (X) (1) . Let L X (L when not misleading) be the Lefschetz operator L X x = [Y ] ∧ x, where ∧ denotes the cup-product in H * (X). A * (X) will denote the graded ring of algebraic cycles modulo H -homological equivalence with coefficients over Q, and A n+ * (X × X) will denote the ring of homological correspondences tensored with Q taking • as the product. We now recall the definition of •: let X i be smooth projective varieties of respective dimensions n i . If α ∈ A n 1 +r (X 1 × X 2 ), β ∈ A n 2 +s (X 2 × X 3 ) then
The operation • satisfies all the good properties [8] and makes A n+ * (X × X) into a Qalgebra. By Poincaré duality, we may view α as a linear operator H * (X 1 ) → H * (X 2 ) via α(x) = p 12 2 * (αp 12 * 1 (x 1 )) for x 1 ∈ H * (X 1 ) and likewise with β, and the circle product β • α agrees with the composition of operators. The degree of a correspondence u ∈ CH dim X+r (X × X ) is defined to be r as usual [8] , and the cohomological degree of u, i.e. the degree of u as an operator in cohomology H * (X) → H * (X ) is 2r, as uH i 
(X) ⊂ H i+2r (X ).
Given a subspace V of H n (X) such that the cup-product restricts to a non-degenerate bilinear form on V , we denote by e V the orthogonal projection onto V with respect to the Poincaré duality pairing.
Another notation we shall adopt is the following. Whenever we consider the motive modulo homological equivalence defined by a smooth projective variety X we will denote it by h(X), and the Chow motive of X (i.e. modulo rational equivalence with rational coefficients, see [19] ) will be henceforth denoted by h rat (X). Thus CH n+ * (X × X) Q = End h rat (X) and A n+ * (X × X) = End h(X).
The Hard Lefschetz theorem [5] states that the maps
are isomorphisms (henceforth called Lefschetz isomorphisms) (as a result, the odd Betti numbers b 2i−1 are always even). One can thereby define the primitive subspaces P i (X) = Ker L n−i+1 ∩ H i (X) , and one has a Lefschetz decomposition of H * (X): H i (X) = L j P i−2j (X) . Let x = L j x i−2j be the Lefschetz decomposition of x ∈ H i (X). Denote i 1 = max{i − n, 1}. We define the following operators of degree −2:
We denote the Künneth projectors H * (X) H i (X) → H * (X)
by π i X = π i . We define the operator of degree 0
The following operators are also essential: for x = L j x i−2j ∈ H i (X), p k x = δ i,k x k , when i n, and p k x = δ i,k x 2n−k for k > n; it is clear that p i is a projector for i n. Whenever we have polarised varieties X i , we will consider the induced polarisation on X 1 × X 2 , and so
We will do likewise when we have an inclusion; for instance, let ι: Y ⊂ X denote an inclusion of a smooth hyperplane section. Then ξ Y = ι * ξ X and L X = ι * ι * , L Y = ι * ι * . We define the vanishing cohomology of Y (or of Y ⊂ X proper) by V (Y ) = Ker ι * |H n−1 (Y ) ⊂ H n−1 (Y ) , with Y as above.
We recall the following result: [16, 1.4.6] , [1] .) The operators c Λ, L, H are an sl 2 -triple; in other words, the following identities hold:
The main result of this paper states as follows.
Main Theorem. Let X be smooth projective of dimension n 3. Assume the conjecture B(Y)
for the generic fibre Y of a Lefschetz pencil of X. Then the operator Λ X − p n+1 X is algebraic.
The following partial result on C(X) is proven in Proposition 7.1 as a stepping stone (note that the Main Theorem includes this statement, see 7.2):
Partial result on C(X). Assume B(Y) for Y as above. Then the Künneth projectors π i X are algebraic for all i = n − 1, n, n + 1.
We start with the algebraic cycle class Λ Y on the generic fibre Y/k(t) of a Lefschetz fibration of X, satisfying condition (A) of Section 4 (Katz [6, XVIII.5.3] ), ρ :X → P 1 . In our proof, we pay special attention to the correspondences supported onX × P 1X (see 4.1), which turn out to preserve the Leray filtration of ρ under (A), as will be seen in Proposition 4.15. Whenever we have an algebraic class u in A n−1+r (Y × Y), a lifting (or extension) of u will denote a class supported onX × P 1X (of codimension n − 1 + r in this divisor) with a representative Z that yields u after restriction to the generic fibre of P 1 and taking its cohomology class; a study of the interaction of correspondences supported onX × P 1X and the Leray filtration of ρ is provided. A proof of the Main Theorem is provided for every Lefschetz fibration ρ, though condition (A) makes things a bit easier and renders the piece H 1 (R n−1 ρ * Q ) easier to understand.
The consequences of establishing the full conjecture B(X) for general X would be very remarkable. Not only would this yield a satisfactory category of pure motives in characteristic zero, but as shown by Y. André [1] it would imply the Variational Hodge Conjecture, hence the Hodge conjecture for arbitrary products of the form A × X 1 × · · · × X m , where A is an abelian variety and X i are K3 surfaces [1] .
General results
The results in this section need no more background than Kleiman [16] . For the sake of completeness, we include the proof of the following lemma. Lemma 2.1. Let u ∈ A n+r (X × X) be a correspondence of degree r on X. The following identity holds: 
Proof. One has
The following identities hold:
Proof. The first assertion implies the rest of the lemma. Suppose j 2 > j 1 ; then
indeed, consider a smooth linear section κ : 
The following non-commutative rings of operators are equal:
Q L, Λ = Q L, c Λ = Q L, p n , . . . , p 2n .
B(X) holds if and only if, for all i < n, the inverse
Proof. Here we use [16, Prop. 1.4.7] constantly. The operators ι * Λ X and Λ Y ι * agree on H i (X) for i n. It is easy to see that ι Proof. We reproduce the proof in [16] . First note that t (ι * Λ X ) = Λ X ι * . Assume that ι * Λ X is algebraic; then Λ Y = ι * Λ t X (ι * Λ X ) = ι * Λ 2 X ι * is algebraic and, for every i < n, the map
is an algebraic inverse to L n−i . This proves B(X) by Proposition 2.5. 2
The following will be used in Section 5.
Lemma 2.8. The conjecture C(X) holds if and only if the semisimple operator H is algebraic.
Proof. The result follows readily from the identities
The cohomology of Lefschetz pencils
For the basic results and the tone of this section we follow Katz [6, Exp. XVIII]; we assume k to be algebraically closed. For X an n-dimensional smooth projective variety and X → P N a suitable projective embedding (given by the line bundle L X ), there exists a line L ⊂ (P N ) ∨ cutting the dual variety X ∨ of X ⊂ P N transversally; L is then called a Lefschetz pencil. A basic property of L is that, for every hyperplane t ∈ L, X t = X ∩ H t is either smooth or has a unique singular point which is an ordinary double point. The base locus of L in X will be denoted by Δ, and for any two t 1 = t 2 ∈ L one has a transversal intersection X t 1 ∩ X t 2 = Δ. Thus Δ is smooth of dimension n − 2: for any smooth member Y = X t as above, we will denote the canonical inclusion by h : Δ → Y . IfX denotes the blowing-up of X centred at Δ, projection induces a map X − Δ → P 1 ∼ = L which induces a fibration (henceforth called a Lefschetz fibration, or Lefschetz pencil by abus de langage):
We denote by f the blowing-up map f :X → X. The full blow-up diagram will be denoted as follows:
where j is the canonical inclusion Δ ⊂ X.Δ is the exceptional divisor and, since N Δ/X ∼ = O X (−1) ⊕2 , g is a trivial projective bundle; j denotes the inclusionΔ ⊂X. We describe the cohomology ofX in the following proposition. 
and
(ii) Transport of structure via the above isomorphisms endows
with a structure of algebra, which expresses cup-product onX as follows.
The Poincaré duality pairing is expressed as follows in terms of the above decomposition. If
Let ι : Y → X denote the canonical inclusion of a smooth hyperplane section Y in X. If Y = X t is a smooth fibre ρ −1 (t) of ρ, let k : Y →X denote the canonical inclusion. The following result expresses the cohomology of k * and k * in terms of Proposition 3.1. 
and the Gysin homomorphism has the expression
Since we will deal with the Lefschetz theory of both X andX, the following discussion will help prove our Main Theorem.
Choice of LX. The line bundle
is very ample onX for N 2 (it suffices to check the case X = P n ). For m 1, we choose the polarisation LX := L m+1 onX (remember that L X was very ample). 
Proposition 3.3. Consider the polarisation onX given by the divisor class
In terms of the decomposition of Proposition 3.1, L rX is expressed as follows:
Proof. Using Propositions 3.1, 3.2 we obtain the following:
The proposition now follows from Proposition 3.1(ii). 2
The Leray filtration of a Lefschetz pencil
Assume k = k as in the previous section. Choose a Lefschetz pencil on X, denoted by ρ :X → P 1 . The Leray filtration of ρ turns out to degenerate at E 2 , as in the case of smooth projective morphisms.
Condition (A) of Katz [6, Exp. XVIII, 5.3] will be important in our construction of the relative projectors and the establishing of some isomorphisms, but not essential in our proof of our Main Theorem. We set the framework first.
Let ν: U ⊂ P 1 be contained within the smooth locus of ρ. We have the adjunction morphisms
for all 0 i 2n − 2. [6, XVIII, 5.3] .) The map (4) is an isomorphism for i = n, and is an epimorphism for i = n whose kernel K is a skyscraper sheaf supported on the singular values of ρ (and independent of U ). As a result, the maps
Lemma 4.1. (See
are isomorphisms for i n − 3, and the corresponding map for i = n − 2 is an isomorphism if and only if H 0 (K) = 0.
Condition (A).
(See [6, XVIII, 5.3] .) Let ν: U ⊂ P 1 be contained within the smooth locus of ρ. The adjunction morphisms
An immediate application of the weak Lefschetz theorem yields the first assertion of the following lemma. 
Examples.
1. An easy example of a Lefschetz fibration ρ in which (A) holds is a smooth Lefschetz fibration. The -adic sheaf R n ρ * Q is constant in this case. 2. (See [6, pp. 311-312] .) This is an example by Deligne where (A) does not hold. Take X to be a smooth quadric in P 3 , and consider a pencil of planes whose axis intersects X transversally. The sections of X by this pencil are plane conics, and every singular fibre X s 0 of ρ will be a pair of lines on a P 2 . Thus H 2 (X t ) ∼ = Q for X t a smooth member of ρ, and H 2 (X s 0 ) ∼ = Q ⊕ Q for X s 0 a singular member (which has two irreducible components, hence the rank of H 2 ). Thus the sheaf R 2 ρ * Q has non-constant rank, so ρ does not satisfy (A). [6, 5.6, 5.6.8] ; [4, Sec. 2] ; [5] .) For a Lefschetz pencil ρ :X → P 1 , the Leray spectral sequence
Theorem 4.3. (See
degenerates at E 2 . For k : Y = X t →X the inclusion map of a smooth fibre, the Leray filtration of ρ can be interpreted as follows:
and the restriction map induced by Y ⊂X can be described as follows:
where the second homomorphism is as described in (4) for a fixed open subset U ⊂ P 1 within the smooth locus of ρ and η a geometric generic point of
with equality if and only if (A) holds.
The piece F 2 ρ H * (X) thus coincides with the image of the Gysin homomorphism
where Y is a smooth fibre of ρ (as above), so Im k * is independent of the smooth fibre chosen.
, which has the following expression in terms of Proposition 3.1:
Remark 4.4. Condition (A) induces a Lefschetz theory on the -adic sheaves R i ρ * Q . One has Lefschetz isomorphisms
where ν: U ⊂ P 1 is such that ρ is smooth on U. In general, whether (A) holds or not, we denote by P i ρ = ker L n−i the primitive cohomology sheaves, and use the alternative notation R i for the sheaves R i ρ * Q . For i n − 2 the -adic sheaf P i is constant of fibre P i (X). To sum up, for every Lefschetz fibration ρ one has a Lefschetz theory on the sheaves ν * ν * R i (which are independent of ν chosen as above), whose primitive pieces are the above defined P i . This Lefschetz decomposition turns into one for the -adic sheaves R i if (A) holds for ρ.
Corollary 4.5. Notations as above. The following statements hold:

The following isomorphisms hold:
The pairings
induce perfect pairings
) does not hold and for all , i if (A) holds; the induced pairings
for 0 i n − 1 are also perfect. All these pairings agree with the ones resulting from Theorem 4.3; for instance, the pairing given by a ⊗ b
The Lefschetz isomorphisms on sheaves given in Lemma 4.1 translate also into their cohomology groups, namely
The left kernel of the pairing 
Corollary 4.7. Notations and assumptions being as above,
is an isomorphism. Let us prove the inclusion P i (X) ⊕ 0 ⊂ P i (X). By formula (8) , it suffices to check that 
Proof. The first assertion follows from Corollary 4.7 and Corollary 4.5(5). The second assertion follows from the first. 2
Corollary 4.10. The natural map
Proof.
The dimensions are equal, and L n−i (P i (X)
ρ , hence the map
, which reads as follows:
Therefore its image is k * ι * P i (X), whose dimension agrees with dim
The first assertion is thus proven.
The second assertion is straightforward: one has H i (X) ⊕ 0 ∩ k * H i−2 (Y ) = 0, which means that H i (X) ⊕ 0 maps isomorphically onto its image in F 0 /F 1 H i (X) for i n − 1. Equality of dimensions yields the desired isomorphism. For the third assertion, by Corollary 4.5 we may split R n−1 = H n−1 (X) P 1 ⊕ E n−1 , and applying H 0 or H 2 yields H 0 (E n−1 ) = H 2 (E n−1 ) = 0. The corollary is thus established. 2
Absolute and relative correspondences
Let p : M → B be a smooth projective morphism onto a smooth algebraic variety B; denote the dimension of M by n. If u is a codimension-(r − dim B) cycle on M × B M, the degree of u as a relative correspondence is defined to be r, i.e. the same as that of u as a correspondence of M; thus the cycle Δ M is a relative correspondence of degree 0 (see Fulton [8, Chs. 10, 16] , or Künnemann [14] 
) with a ring structure, and the usual properties hold. The fact is, if in addition M and B are projective this relative product is related to the usual composition of correspondences from M to M, as we will show. However, we need to extend this theory so that the case of Lefschetz fibrations will be included: the heart of this section is Proposition 4.12, where every identity holds modulo rational equivalence. The upshot is Proposition 4.15, where we show that relative correspondences do preserve a certain filtration in the case when B is a curve, which in the case of Lefschetz fibrations satisfying (A) coincides with the Leray filtration of ρ.
In the case when f is smooth, we obtain the following proposition: 
by the projection formula j 
This shows that j * (u)F r f is annihilated by F 2b−r+1 f , which amounts to saying j * (u)F r f ⊂ F r f by the degeneration of the Leray spectral sequence on f at E 2 , thus establishing the proposition. 2
When dealing with Lefschetz fibrations in general, things are slightly different. Let f : M → B be a flat projective map of smooth quasiprojective varieties over a field. Let R := CH * (M × B M) (denoted R f when disambiguation is necessary). We will operate in this slightly more general setting, which includes the case of Lefschetz fibrations.
Note that the natural inclusion M × B n → M n is a regular embedding, which follows from pulling back the regular embedding (id B , . . . , id B ) : B → B n to the smooth variety M n via f n (use [12, Th. 8.21 .A(c)]).
Denote by q ij the natural relative projections
We may define the following composition law on R:
This composition law is well-defined since the map 
The above diagram yields
The last equality holds by the following: one has M × α = proj * 2 α where
is the natural projection onto the second factor. Now, both arrows (q We now proceed to show part 3 under projectiveness assumptions on B, hence on M. We wish to see that j * (v
Developing both sides one has:
Since j * q 13 * = p 13 * inc * , it suffices to show
The following diagram is Cartesian:
We remark that all morphisms in the above diagram are regular imbeddings. 
on Chow groups, which proves (11) and thus settles 3. The proposition is now established. 
Part 2 follows from Lemma 4.13.
To establish 3, one may consider the ring homomorphism
whose kernel turns out to be I 0 . Part 3 is now complete. 2
Proposition 4.15. (Assume k = k.) Let f : M → B be a generically smooth morphism from a smooth projective variety M onto a smooth proper curve B. Let t denote a smooth point of B.
One has the following filtration on H * (M):
The definition is independent of the point t chosen (one may even choose a geometric generic point of B, and extend scalars to k(B)). Every self-correspondence of M supported on M × B M preserves the filtrationF .
Let ρ :X → P 1 be an arbitrary Lefschetz fibration. The correspondences supported on D =X × P 1X preserve the filtrationF * , which coincides with the Leray filtration if (A) holds. Let u ∈ CH * (X × P 1X); denote the natural inclusion by j :X × P 1X →X ×X. We have Let us consider the case of a Lefschetz fibration ρ. In this case, If in addition (A) holds, then the Leray filtration andF * coincide, so F * = F * ρ is then preserved by all correspondences supported on D (relative correspondences). Let v be a relative correspondence supported on 
, 2 (for then, and only then, the filtrationF and the Leray filtration are equal). Moreover, if u is supported on a finite set of fibres of the structure morphism
D =X × P 1X → P 1 , then [j * u]|F 2 = 0, [j * u]H * (X) ⊂ Ker k * ; ifF 2 = F 2 , andF 1 H i (X) = F 1 H i (X) = F 2 H i (X) for i = n, andF 1 H n (X) ⊃ F 1 H n (X).
Proof. For the first part, choose t a point of B such that D ∩ t × P 1 is finite and lies within the smooth locus of
Proof. See Theorem 4.3 for the first assertion. The second assertion is elementary. For the last part, see the reference provided. 2
Action on the Leray spectral sequence
(Again we assume k algebraically closed.) Let u be a correspondence of degree r supported onX × P 1X. Then u induces a correspondence u t of degree r on X t for each t ∈ B, where ν : B → P 1 is the smooth locus of ρ as above. If (A) holds, then u defines a homomorphism of -adic sheaves for 0 j n − 1:
(using (A)), which in turn yields Q -linear maps
These maps agree with those induced on Gr * F ρ by j * u in Proposition 4.15 (more on this later), and so do the respective composition laws. 
Here we used [7, I.12.10, I.12.13] (see also [11] ) and the base change theorems in étale cohomology [10] ; [7, I.6, I.7] . 1 (B, η) , B being the smooth locus of ρ: for the first identification see Theorem 4.3. The second follows from the chain of identities [11, I] . Then the action of u onF 0 /F 1 (resp. To prove the second assertion of (iii), assume B(X). Then the projector e V (Y) is algebraic by Proposition 7.10, and one may choose a lifting u of this algebraic class. u acts as 0 on H (R i ) unless = 1 and i = n − 1, in which case it acts as the identity, and so we have u ∈ J but not in J .
Let us prove (iv); by Proposition 4.17, H 1 (R n−1 ) P n (X) ⊕ V (Δ). If P n (X) = 0 there is nothing to prove; if P n (X) = 0 the assertion follows from the next elementary lemma. 
Proof. Let c(X), c(Δ)
be the total Chern classes of X, Δ and let j : Δ ⊂ X denote the canonical inclusion. Let X denote the trace map on X, and H = c 1 (O X (1) ) with the present polarisation. Then, using j * j * α = d 2 H 2 • α, we obtain:
which is a polynomial in d of degree precisely n. 
defined in Proposition 4.14 has kernel I 0 , which is precisely the preimage of I ⊂ A via the morphism
and therefore factors through a ring homomorphism The next corollary circumvents the possible non-isomorphy of ϕ for the purposes of this paper. 
Corollary 4.24. Let a ⊂ A n−1+ * (Y × Y) be the ideal of self-correspondences w of Y such that wH * (Y) ⊂ V (Y). One has a ring isomorphism induced by ϕ above:
A n−1+ * (Y × Y)/a ∼ − → A/J .
Consider a graded unital subalgebra
The relative projectors
In this section we assume (A). We have seen in Lemma 2.1 that, if C(X) holds, then the ring of correspondences of X, A dim X+• (X × X) decomposes through the adjoint action of H X , u → [H, u]; the degree-0 correspondences are exactly those commuting with H X , or equivalently, with the Künneth projectors π i X for all i. Assuming C(Y), we wish to translate this situation into the relative context presented in Section 4, creating relative analogues π i ρ , H ρ of π i and of H , supported onX × P 1X, which will not be strictly possible unless (A) is assumed, otherwise one has to assume B(Y). We now deal with the first case. The relative projectors we are to construct yield a splitting of the Leray filtration, and under the hypotheses of Proposition 4.20(iii) a section of the ring epimorphism res Y defined in Corollary 4.22. 
This goes along with (and in fact implies) the commutation relation in Lemma 2.1. We define for each u ∈ A the following element of A:
It is clear by construction that u ρ − u ∈ J . If u is a correspondence of degree r on Y, we will define u ρ to be u ρ for u a lifting of u in A. Later we will see that this definition is consistent. 
Relative projectors without (A)
We now will see how far we can go assuming C(Y) for an arbitrary Lefschetz fibration ρ on X; we can obtain a set of relative projectors, but their action on H n (X) is unclear.
As above, we consider a lifting H of H Y that is skew-symmetric, and consider its semisimplification; without loss of generality we may assume that H mas minimal polynomial p(x) = x n−1 k=1 (x 2 − k 2 ) by substituting q(H ) for H for a suitable (odd) polynomial q(H ). We know that the action of H onF 0 /F 1 and onF 2 = F 2 is independent of the lifting chosen, but then the action onF 1 H n (X)/F 2 H n (X) is unclear without further assumptions on Y.
For i n − 1, we defineπ i to be the projector corresponding to the eigenspace of the eigenvalue n − 1 − i ofH , which will be a correspondence supported onX × P 1X; de- 2 for i = n and also F 2 H n (X) ⊂π n−2 H n (X); here equality is not granted without further assumptions on Y, nor can it be decided whetherπ j H n (X) is zero or not for |j − n + 1| 2.
Definition. Let u ∈ A be a relative correspondence of degree r = 0. We define u ρ to be the image of π i+2r uπ i in End GrF * H * (X).
We now prove Remark 4.19. Proof. First of all, consider a generically smooth map f : V → C, with V , C projective smooth, C a curve and V of dimension N . Denote R i f := R i f * (Q ). Let ν : U → C be the natural inclusion, where U is within the smooth locus of f . One has a bigraded algebra E e,i (f ) := H e (ν * ν * R i f ), and a natural map of bigraded algebras E e,i 2 (f ) → E e,i (f ). The bigraded algebra E (f ) satisfies Poincaré-like Duality, i.e. the cup-product
is a perfect pairing. If f has connected fibres this is just the usual Poincaré Duality in [11] .
Otherwise, one needs to take the Stein factorization of
and compare 
Denote p i :X × P 1X →X (i = 1, 2) and q i = p i • β. Let ϕ denote the structure map of Z/P 1 .
we henceforth use the same notations for x, y or their pullbacks and their respective images in
and this in turn equals
which in turn equals [v η ]x, y Y as desired. The proof for F 2 is identical. Assume (A); if the degree of u is not 0, the statement is obvious. We are going to prove that the action of u = λ * v of degree 0 is induced on
by the class v on the fibres of ρ over an open subset ν: B ⊂ P 1 where ϕ (and hence also ρ) is smooth; we are going to use the Poincaré-type duality results available in the present setting. The proof is similar as above. Note that the pairing
is perfect and agrees with E 1,n−1 (ρ) × E 1,n−1 (ρ) → E 2,2n−2 (ρ). As above, making the corresponding identifications, we have ). This in turn equals need not split the filtratioñ F * H * (X), as the inclusionF 2 H n (X) ⊂ π n−2 ρ H n (X) could be strict.
A relative sl 2 -triple
In the beginning of this section we assume (A). We have obtained a set of relative Künneth projectors under the hypothesis C(Y). In this section we assume B(Y) and we construct relative operators c Λ ρ , Λ ρ lifting c Λ Y , Λ Y , first under (A) and then in the general case. These will give rise to a relative sl 2 -triple c Λ ρ , L ρ , H ρ supported onX × P 1X, whose action on H * (X) will be exploited later. Finally we obtain the desired sl 2 -triple. We will prove it in a series of steps, obtaining the algebraicity of the Künneth projectors π iX for i = n − 1, n, n + 1 in the course of our proof.
The algebraicity of some projectors
For simplicity, we still suppose k algebraically closed. We start by proving the following. A couple of lemmas will be required to establish the proposition. Proof. Statements (i)-(iii) are straightforward. To prove (iv), one need remark that, for the inclusion ν: U 0 ⊂ P 1 where U 0 is the smooth locus of ρ, the sheaves ν * ν * R i are constant for i = n − 1 and R n−1 = E n−1 ⊕ P n−1 (X) P 1 ⊕ LR n−3 (where E n−1 ⊕ P n−1 (X) P 1 = P n−1 ). Thus E n−1 is the only non-constant local system supported on U. Consider the algebraic cycle Λ Y , and lift it to a class u supported onX × P 1X; for i > 0 the morphisms
Lemma 7.2. The following statements hold (ρ arbitrary).
equal the identity on the geometric generic fibre, hence on each fibre, as the sheaves involved are constant. Specialising u on each geometric fibre t ∈ U 0 we obtain the operators θ i X t defined in Proposition 2.5(2), which proves B(X t ) for each smooth fibre X t of ρ. 2 
